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MOT SO BAI TOAN CO’ BAN




BTCB 1. Cho tam giac ABC c6 trung tuyén AM. B’, C' bat ky thudc canh AB,AC. M’
AB | AC _
AB' = AC'
Chivrng minh: Ké BE, CF song song v&i B'C' (E, F

thudc AM). Ta c6

AB AC AE AF AE +AF
ap tac T aw Tam T T am
(AM — ME) + (AM + MF)
=~ AM’

1 giao diém ctia B'C’ va AM. Chirng minh rang

_ 24M
AM’




BTCB 2. Cho tam gidc ABC c6 M € [BC] sao cho BM = 2MC. B’,C’ bit ky thudc

. AB AC

canh AB,AC.M' = B'C’ n AM. Chting minhréing— + 2.— = 3.—..
AB AC AM
Chirng minh: Goi I 1a trung diém BM. I' 1a giao
diém ctia B'C’ va Al. Ap dung BTCB1 ta c6

AB N AM , Al
AB'  AM'  TTAI'

Al  AC AM

ar T ac T aw
JAL L AC _ AM
52 —+2.—=4.—
ar T rac " o @

Cong (1), (2) vé theo vé suy ra diéu cian chirng minh.

(1)




BTCB 3. Hinh chép S. ABC c¢6 G la trong tim AABC. («) bat ky cat SA,SB, SC, SG tai

, . . SA SB SC SG
A',B',C',G'.Chimgminhrang— + — + — =3 —
SA SB SC SG
Chirng minh: Goi M la trung diém BC, M’ 1a giao

difmcaaB'C'vaSM = G' = A'M' n SG.
Theo BTCB2 va BTCB1 ta c6

SA "y SM ; SG
SA” " T'SM' T T'SG’

SB N SC = SM @)
SB'  SC’ SM’
Cong (1), (2) vé theo vé suy ra
SA SB SC SG

/+ /+ 7 =3 oo
SA SB SC SG

(1)




BTCB 4. Cho (@) va doan thang AB nam cung phia ddi véi («). Goi M 1a trung diém
AB. Chirng minh rdng d(4, (a)) + d(B, (a)) = 2d(M, (a)).

Chirng minh: Goi A’, M’, B' lan lwot 1a hinh chiéu A
ciia A,M, B 1én (a) = A’,M’, B’ thing hang

= d(4, (@) + d(B, (@) = AA’ + BB’ /
= 2MM' o A

= Zd(M, (a)).




BTCB 5. Cho (a) va tam gidc ABC nam cung phia ddi v&i (a). Goi G 1a trong tAm
AABC. Chtrng minh réng d(4, () + d(B, (@) + d(C, (@) = 3d(G, (a)).
Chirng minh: Goi A, B, C', G' 1an lwot 1a hinh chiéu

cia 4, B,C,G lén (a) = G'la trong tAm tam giac

A’'B'C’'. Theo quy tic 2 trong tAm ta c6

AA"+ BB'+ CC' = 3GG'.

Vi cac vécto nay cung huwdng nén

AA"+BB'+ CC' =3GG'.

Suy ra

d(A, (a)) + d(B, (a)) + d(C, (a)) = 3d(G, (a)).



BTCB 6. Cho hinh chép S.ABC. Piém I € (ABC) théa min SI = aSA + bSB + ¢SC.

Chirng minh ranga + b + ¢ = 1.

Chwng minh: Ta cé

SI = aSA + bSB + ¢SC

& Si = a(SI +1A) + b(SI +1B) + c(SI +IC)

@(a+b+c—1)§—aﬁf+bﬁ§+cﬁ

ViIA, 1B, 1C dong phang nén ton tai (m; n) t/m
14 = mIB + nIC

:>(a+b+c—1)f5’)=

= (am + b)IB + (an + ¢)IC.
Néua + b+ c # 1thiS, I, B,C dong phang.
Suyraa+b+c=1.




BTCB 7. Cho hinh chép S.ABC c¢6 G 1a trong tAm tam gidc ABC. Mit phang (a) di

qua G va cat cac tia SA, SB, SC lan lwot tai A, B, C'. Chitng minh rang
SA SB SC —3

SA' +SB’ +SC’

Giai: Vi G la trong tam tam giac ABC nén
—_— 1 —_— —_— —_—
SG =§(SA + SB + SC)
= 2 (55- 57 + . 55 + 2 50)
- 3\s4” SB'" sc”
L Ty S 7
354" 3SB"’ 3sC'T T
ViG,A',B’,C’ dong phang nén
SA  SB, SC _.

3SA’ + 3SB’ T 35C’
Tl d6 suy ra diéu can chirng minh.



BTCB 8. Cho hinh chép S.ABC. I thudc (ABC) thda man al4 + bIB + cIC =0
(a+ b+ ¢ # 0). Mat phang (a) di qua I va cit cac tia SA,SB,SC lan lwot tai
A',B’,C’'. Chirng minh rang

SA SB

SC
a.§+b.§+c.ﬁ—a+b+c.

Giai: Ta cé al4 + bIB + cIC = 0
o a(SA—51) + b(SB — ST) + (5S¢ —51) = 0

—, aSA + bSB + cSC
S S =

a+b+c
asSA <z | bSB <pi | €SC <o
o _ SA SB SC
S Sl = :
a+b+c

Vil,A',B’,C' @dbng phang nén
aSA  bSB  cSC
sa tsertse

a+b+c

= 1. Suy ra diéu cin c¢/m.




BTCB 9. Cho hinh chép S.ABC c6 diém M nam
trong tam gidc ABC. Cac duwdong thang qua M
lAn lwot song song véi SA, SB, SC cit cdc mat
phiang (SBC), (SCA), (SAB) lan luwot tai
A’ B', C'. Chitng minh ring
MA' i MB’ i Mc’
SA SB SC

1.




Giai BTCB 9. Goi [ = AM N BC. Trong (SAI),
ké MA' ) /SA (A" € SI). Goi K, H lan lwot la
hinh chiéu cia M, A 1én BC. Ta c6

MA" IM MK S,
SA IA AH S '

AABC

MBI — SAMAO S MO/ — SAMAB

Twong tw ta co

< s MA" MB' MC!
Twr d6 suy ra oA S= &E =



MOT SO BAI TAP NANG CAO




Cau 1. Cho hai nta dwong thang Ax, By chéo
nhau. Hai diém C, D di dong trén Ax, By sao cho

1 2 3 :
— 1T — = —. Goi (@) la mat phang chtra CD
AC BD AB

va song song vdi AB, (B) 1a midt phang chira Ax
va song song v&i By. Chirng minh rang («) luén

di qua mét diém cé dinh thudc (B).



Giai Cau 1. Dung Ay’'/ /By. Trén Ay’ 1y diém
D' sao cho AD' = BD.Khi d6 (o) = (CDD),
(B) = (ACD").Tacé

1 2 3 AB 2AB

—_—t—==——4+—=1(1

ac B0~ a8 “3actzap — 1 W
D'l _ 4B
D'C  3AC

K&IM // CA(M € Ay"),ké IN // D'A (N € Ax)

_AN_DI_AB 4B
_— *k

ZAC _D'C_ 3AC (*)

Lo AM DI_ AB _ 24B

ACOUD T’ T T T D Cc” T 34C 34D

, (do (1))
= AM = 2 AB (++).

T (*) va (**) suy ra I c6 dinh. Vay ta cé diéu can chirng minh.



Cau 2. Cho t&x dién ABCD. Goi

M, N lan lwot la trung diém cuta
AC, BD. Goi E la diém do6i xding
voi C qua D. Mt phang (EMN) cat
BC, AD lanlwottai P va Q).

a) Chirng minh rang AB, MP, NQ
doéng quy.

b) Chéng minh rang MN di qua

trung diém cta PQ).




Giai Cau 2. a) Taco
P=ENNBC, Q=EMnNAD.
Bamp (ABC), (ABD), (MPNQ) cat

nhau theo 3 giao tuyén phan biét
AB, MP, NQ nén ching sé dong

quy hodc ddi mot song song. Dé thiy

P Kkhéng phai la trung diém BC nén

MP khong song song voi AB. Suy
ra AB, MP, N@) dong quy.



Giai Cau 2. b) Tacé @ latrong tdm

z

ME
cia tam giac ACE nén —— = 3. Ap
M@

dung B/l Menelaus cho ANDEFE v&i
cat tuyén BPC c¢b

BD PN CFE PN
———=1=2.—2=1
BN PE CD PE
PN 1 NP 1

= === ==
PE 4 NE 3

Ap dung dinh Iy Menelaus cho tam
gidc PQFE vi cat tuyén MIN ta cé
ME IQ NP _

MQ IP NE

= 3.

Q 1

—=1=IP =IQ.

IP 3



Cau 3. Cho doan thing AB vudng goc
v&i mat phang (P) tai B. Trong (P) lay
diém H thoa min BH = BA. Vé duong
thiang d nam trong (P) va di qua H, d
vuoéng goéc véi BH. Hai diém M,N di
dong trén d théa min MAN = 90°.
Duong thang qua A va vudng goc véi
(AMN) cét (P) tai K.

a) Chirng minh rang B 1a trwc tAm cta tam giac KMN.
b) Goi a, B 1an lwot 1a goc tao véi BM va (AKN), BN va (AKM). Chitng minh rang

1
cos?a + cos?p = >



Giai Cau 3.a) Tac6 AK L (AMN) nén
AK 1 MN.Taco AB L (P)nénAB 1
MN = MN 1 (ABK) = MN 1 BK.

Ma MN 1 BH nén K, B, H thang hang.
Tacé MA L AN (gt), MA L AK (Vi AK L
(AMN)). Suy ra MA L (AKN)

= KN 1L MA.MaKN 1 AB

= KN 1 (ABM) = KN L BM.

Vay B la truc tam tam giac KMN.




Giai Cau 3. b) Goi E = MB N KN. Vi

MA L (AKN) nén

(MB,/(E(N)) = MEA = MAB (cung phu
véi AME). Twong tu

(NB,(AKM)) = NAB. Suy ra

cos? a + cos? § = cos? MAB + cos? NAB

=leeo) “lo)

2
=ABZ( 1 N 1 ):AB :1
AM?  AN?2 AH? 2

(vi AABH vudng can tai B).




Cau 4. Cho hinh chép S.ABCD c6 day
ABCD 1la hinh chit nhat, AB=aq,

BC = \/Ea. Canh bén SA wvubdng goc voi
(ABCD). Goi M, N lan lwot la trung diém

cia SD va AD. Chitng minh rang AC
vudng goc véi (BMN).




Giai Cau 4. Ta c6 SA | (ABCD)=SA 1 AC,
ma MN / /SAnén MN L AC (1).

Ta co
BN.AC = AN —AB AB-+ AD

_— _—

_ AN AB+ AN.AD — AB® — ABAD
0

faf

2a—a* =0

Suyra BN 1L AC (2).
Tw (1) va (2) suyra AC L (BMN).



Cau 5. Cho hinh chép S.ABC c6 SA, SB, SC
d6i mot vudng géc védi nhau. Goi I 1a trung diém
AB. Biét rang AC =2SB, BC =2SA. Goi
E, F lan lwot 1a hinh chiéu cta S 1én CA, CB.

a) Chirng minh rang SC' | EF.

tan* SCI  EF 1

b) Chirng minh rang + =
tan' SCA  AB




Giai Ciu 5. a) Chirng minh rang SC | EF.
Ta co

SC* = BC* — SB* = 45A* — SB*
SC* = AC® — SA* = 4SB* — 5A°

Suyra SA= SB. Dodé CA = CB.
Dan dén SE = SF = EF / /AB.

Vi {SC LS4 ¢ 1 (saB)

SC L SB

= SC 1L AB= SC L EF.




Giai Cau 5. b) Chirng minh

tan* ScA AB
bat SA=SB=a

— CA=CB =2¢ = SC = 3a.

Khi dé
SI fa \/8
nSCI = =
2 fa
va tan SCA = ﬁ = .
Sc \/5
EF CE CECA CS° 3
Tacb — = —. Do
AB  CA cA2  CcA? 4

tan* SCI  EF
T —

do

tan® SCI EF
_|_ —_

tan'SCA AB




Cau 6. Cho hinh 14p phwong ABCD.A'B'C'D’

canh a. Cac diém H, K lan lwot 1a trung diém
AD, C'D'. Piém M thudc doan BC’, N thudc
doan AB' (BM < AN). Biét rang MN tao v&i
(ABCD) mot goc 45°.

a) Chirng minh rang AK | BH.

b) Chirng minh rang MN > 2 — N

A
A D
i
—
BE—— G
! i
X_ |
N
e oo /
g A D
N4 )
[ K
B’ C'



Giai CAu 6. ¢) Chitrng minh rang AK | BH.

bit AB=1x, AD =1y, AA' =2 Tacé

AK.BH = AD+DD' +D'K . AH — AB

C
2 ]

— — 1—»
+z+—-x
Y 2

2 2

Yy T

=— — =10
g 2

Suyra AK | BH.

A H
:
fi
7 C
—
L
N M
;o
P i U W
g N
A i
/.
C/

D/



Giai Cau 6. b) Goi M’, N’ 1a hinh chiéu cta A
D

M, N 1én (ABCD). Goi P = MN N M'N’. i
—~ M

Khi d6 45" = (MN, (ABCD)) = MPM'. B G

Tacé MM' = BM', NN’ = AN’ = a — BN/, N =

MN = PN — PM. Do do6 VSN /
b D

VBM" + BN™ = M'N' = PN' — PM’ Al 4

= PN cos45” — PM cos 45" = MN.cos 45" (1). B,’ C'

Tacé MN sin45’ = PN sin45° — PM sin45° = NN' — MM' = a — BN' — BM' (2).

Tir (1), (2) = V2 cos45’ + sin45” MN = \2(BM” + BN") + a — (BM' + BN')
> (BM' + BN") +a — (BM' + BN') = a.

Suy ra MN = (2 —2)a.






